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Abstract
We present a hydrodynamic theory to describe a chiral electron system with a Weyl spin-orbit
interaction on a field-theoretic basis. Evaluating the momentum flux density as a linear response
to a driving electric field, we derive an equation of motion for the orbital angular momentum. It is
shown that the chiral nature leads to a dynamic bulk angular momentum generation by inducing a
global torque as a response to the applied field. The steady state angular momentum is calculated
taking account of rotational viscosity.
Hydrodynamic theory is essential in describing fluids at macroscopic scales. Conventional
fluids are described by momentum flux tensor πij symmetric with respect to the direction
of momentum i and flow j1. Recently, fluids consisting of particles with internal degrees
of freedom such as polar and chiral natures are drawing considerable attention, as such
symmetries lead to unique fluids (chiral fluids and polar fluids) with different symmetries
of momentum flux tensor. For instance, chiral fluids have antisymmetric components of the
tensor, which govern angular momentum dynamics of the fluids, playing essential roles in
many biological phenomena2–4.
Hydrodymanic theory is based on equations representing continuity of densities of fluid,
momentum and energy at macroscopic scales. The coefficients in the equations are generally
treated as phenomenological parameters determined by the symmetry of the system. Even
microscopic quantum objects such as electrons in conducting solids are treated as a fluid
when viewed at macroscopic scales. Hydrodymanic approach has in fact been applied to
study electron transport properties of solids. Most of the studies focused on viscosity induced
by electron interactions5–7. Recently an anomalous transport in chiral electron system was
discussed8. A hydrodynamic viewpoint combined with linear response theory was applied
to discuss vorticity dynamics9.
For hydrodynamic equations describing macro(or meso)scopic fluid dynamics of electrons,
classical treatments are generally sufficient and thus most studies are based on a semiclassi-
cal arguments such as the Boltzmann equation and Berry’s phase representation10. Applying
hydrodynamic theory to quantum objects in solids has an advantage that the coefficients
characterising the fluid can in principle be microscopically determined by use of a linear
response theory with systematic approximations5,6,11. In such microscopic methods, conti-
nuity equation for the density is automatically guaranteed by keeping the gauge invariance
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and only the equation for the momentum density needs to be considered.
The aim of this paper is to construct a hydrodynamic theory for describing chiral electron
systems in solid on a field-theoretic basis. The chiral nature is introduced by a three-
dimensional spin-orbit interaction linear in the wave vector k, called the Weyl spin-orbit
interaction. Based on a quantum field representation, we derive an equation of motion
for momentum operator and identify the momentum flux tensor as a field operator. The
expectation value of the tensor is evaluated by use of non-equilibrium Green’s functions as a
linear response to a driving force, the applied electric field E. The coarse-grained equation
obtained this way is the hydrodynamic equation with each term evaluated fully quantum
mechanically without assuming classical transport equation. Based on the equation, we
demonstrate that a field applied to a chiral fluid induces a bulk torque, resulting in a bulk
orbital angular momentum generation.
The field Hamiltonian we consider is (ˆ denotes field operator)
Hˆ =
∑
k
cˆ†k (ǫk + γk · σ) cˆk (1)
where cˆ and cˆ† are conduction electron field operators with two spin components, σ is a
vector of Pauli matrices, ǫk ≡
k2
2m
− ǫF is the free electron energy (ǫF is the Fermi energy, m
is the electron mass). A vector γk ≡ λk represents the Weyl spin-orbit interaction with a
coupling constant λ. The electron velocity operator in the momentum space is
vˆi =
ki
m
+ aαi σα (2)
where
aαi =
dγαk
dki
(3)
is the anomalous velocity due to the spin-orbit interaction.
Our hydrodynamic equation is derived by calculating ˙ˆp, the time-derivative of the mo-
mentum operator, which reads ˙ˆpi = ∇j πˆij , where πˆij ≡ cˆ
†pˆivˆj cˆ is the momentum flux tensor
operator. We thus obtain a coarse-grained hydrodynamic equation
p˙i = ∇jπij (4)
for expectation values pi and πij of pˆi and πˆij , respectively. Equation (4) obtained as a field
average applies to length scales much larger than the electron mean free path. This simple
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equation is sufficient in most cases to describe linear regime of the fluid. In conventional
fluids, the momentum flux tensor πij has a diagonal part −Pδij representing a pressure P ,
and a symmetric part ηs(∇ivj +∇jvi) linear in both velocity vi and the spatial derivative,
representing a viscosity ηs (See Eq. (8))
1.
For fluid dynamics with local velocity v, external driving force is necessary. We consider
an electric field, represented by a vector potential A as E = −A˙. Considering a linear
response regime, a local fluid velocity v arises as a linear function of the local electric field.
As the system of our interest are in the weakly driven fluid regime, quadratic terms in v
commonly argued in the standard hydrodynamic equations are neglected.
Considering a static limit, the momentum flux tensor at the linear order reads πij =
πijkEk, where the response function is πijk(q) = limω0→0
i
ω0
∫
dω
2π
e
V
∑
ktr[kivˆjGω,kvˆkGω+ω0,k+q]
<,
where Gω,k is the path-ordered Green’s function
12 with angular frequency ω and wave vec-
tor k, < denotes the lesser component, tr is a trace over the spin indices, e is the electron
charge, and V is the system volume. The wave vector and angular frequency of the external
field are q and ω0, respectively, and the static limit ω0 → 0 is taken at the end of the
calculation. Focusing on the dynamically-driven flow, the dominant excited contributions
at low temperatures reads
πijk(q) =
e
V
∑
k
tr[kivˆjG
r
kvˆkG
a
k+q] (5)
where Gλk ≡ G
λ
ω=0,k (λ = a, r), G
r
k =
1
−ǫk−γk·σ+
i
2τ
and Gak = (G
r
k)
∗ are the retarded and
advanced Green’s function, respectively. We take account of finite elastic electron lifetime
τ as an imaginary part of the energy in the Green’s functions.
Evaluating the trace over spin, we notice a striking fact that an antisymmetric uniform
(q = 0) component arises from the noncommutative two anomalous velocities proportional
to aj × ak
13. We have
πijk(0) = −ǫijkc (6)
where
c =
4
3
λ2
e
V
∑
k
kIm(f rkh
a
k) (7)
is a bulk chiral coefficient (k ≡ |k|)13. Here fλk =
1
2
∑
σ=± g
λ
kσ, h
λ
k =
1
2
∑
σ=± σg
λ
kσ, g
r
kσ ≡
1
−ǫk−σγk+
i
2τ
is a spin-diagonalized Green’s function, γk ≡ |γk|.
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The contributions to πijk linear in q represent viscosity and pressure. They consist of
symmetric and antisymmetric parts (π
(1)
ijk = π
(1)s
ijk + π
(1)a
ijk ),
π
(1)s
ijk = −iP qkδij + iηs(qiδjk + qjδik) (8)
and
π
(1)a
ijk = −iηa(qiδjk − qjδik) (9)
respectively. The antisymmetric viscosity constant is (explicit expressions for P and ηs are
suppressed)13
ηa = −
λ2
3m
e
V
Im
∑
k
k2
[
1
γk
f rkh
a
k + f
r
kf
a(2)
k − h
r
kh
a(2)
k +
mλ
k
(f rkh
a(2)
k − h
r
kf
a(2)
k )
]
(10)
where f
λ(2)
k ≡
1
2
∑
σ=±(g
λ
kσ)
2 and similarly for h
λ(2)
k . Summing over k, the bulk chiral
coefficient is
c =
π
3
eλ2
a3
∑
σ
νσγσkσ
(γσ)2 +
1
4τ2
(11)
where νσ and kσ are is spin-resolved electron density of states per site and wave vec-
tor, respectively, γσ ≡ γkσ . In the clean limit, γστ ≫ 1, c ≃
π
3
eλ2
a3
∑
σ
νσkσ
γσ
, while c ≃
4π
3
eλ2
a3
∑
σ νσγσkστ
2 in the disordered limit γστ ≪ 1.
13 The rotational viscosity is similarly
evaluated to obtain ηa/c ≃ (kF )
−1, where kF is the Fermi energy, for both clean and dirty
limits.
The hydrodynamic equation for a chiral system we obtained is therefore
p˙ = −c(∇×E)− (P − ηs)∇(∇ ·E) + ηs∇
2E + ηa[∇× (∇×E)] (12)
The driving field E is written in terms of a current j using a local identity j = σeE, where σe
is local conductivity tensor, resulting in a standard hydrodynamic equation relating the force
and velocity. This equation for chiral fluid, obtained microscopically for the Weyl electron
system, applies to general chiral matter. In fact, the same equation has been argued on
the phenomenological basis in the context of chiral active matter for describing biological
phenomena3,4. The global chiral term c was argued also in noncentrosymmetric metals and
was shown based on a semiclassical argument8.
Chiral effects in Eq. (12) arise from rotational flow or vorticity, ∇ × j. The term ηa
represents the rotational viscosity, while the bulk chiral coefficient, c, represents a global
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angular momentum generation. The roles of chiral terms become clear focusing on the total
angular momentum of the system, L =
∫
d3r(r×p). Here r in the present fluid description
is a coordinate (and not a dynamic variable) and the spatial integral is over the system with
a finite volume, V . The torque (time-derivative of L) on the system is L˙i = ǫijk
∫
d3rrj∇lπkl.
As the current density and thus the field E and πkl vanish at the surface of the system, we
use the integral by parts to obtain L˙i = ǫijk
∫
d3rπajk =
∫
d3r[−cEi + ηa(∇ × E)i], namely,
only the antisymmetric part of the momentum flux density contributes to the total torque.
Considering the case of a uniform applied field, the rotational contribution arises as a result
of induced current j in the plane perpendicular to the applied field. We thus use E = j/σe,
where σe is approximated as diagonal for simplicity, to rewrite the rotation term. The
equation representing chiral angular momentum generation due to a driving field is therefore
L˙ =
∫
d3r
[
−cE +
ηa
σe
(∇× j)
]
(13)
This equation applies to nonelectron cases if the field E is to be replaced by a corresponding
driving force. The steady state is the one when the bulk chiral torque (c term) is balanced
by the rotational viscosity.
Let us consider a cylinder along the z axis with length lz and radius R. When an electric
field is applied along the cylinder, an in-plane current perpendicular to the field is induced
due to a chiral effect represented by antisymmetric components of the conductivity tensor13.
Due to the rotational viscosity, the system reaches a steady state when the rotation is
uniform with a constant angular frequency Ω determined by Eq. (13). In this steady state,
the local current density at r = (x, y) is j = enΩ(zˆ × r) (n is the electron density), and
local vortex density is uniform, (∇× j)z = 2enΩ. The steady condition,
cEz =
ηa
σe
(∇× j) (14)
is therefore satisfied locally at the angular frequency of
Ω =
eEτ
m
c
ηa
=
eE
2
ℓ
~
(15)
where ℓ = kF τ/m is the elastic electron mean free path and we used σe = e
2nτ/m and
c/ηa ∼ kF in the last equality. The steady state angular momentum of the electrons is
Le = IeΩ, where Ie =
m
2
NR2 is the moment of inertia of the electrons, N ≡ V/a3 being the
number of lattice sites (a is the lattice constant). Electron angular momentum per site is
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thus
Le
N
= eE
m
4~
ℓR2 (16)
A significant feature here is the fact it is proportional to the area of the cylinder. This is
because the present chiral mechanism, Eq. (15), induces local vorticity, which is propor-
tional to the angular frequency of the entire rotation. The total angular momentum is thus
proportional to the area as a result of Ie ∝ R
2. Equation (16) would, however, breakdown
for large systems of R≫ ℓL, where ℓL is a relaxation length of angular momentum.
The enhancement in large systems does not apply to the spin density induced by the
electric field (Edestein effect). The response function for the induced spin, discussed on
the equal footing as the orbital angular momentum, is sjk(q) =
e
V
∑
ktr[σjG
r
kvˆkG
a
k+q]
13. A
uniform component exists, which is diagonal; sjk = δjkκs, where
κs = 2
e
V
∑
k
Re
[
2k
3m
f rkh
a
k + λ
(
f rkf
a
k −
1
3
hrkh
a
k
)]
(17)
The induced spin density is (with ~ recovered)
s = κsE ≃
eE
~
τ
kF
(18)
The induced spin density is determined simply by microscopic material parameters. The
ratio of the chirally-induced orbital and spin angular momenta is significantly large for large
systems; Le
N
/s ≃ (R/a)2. Although both are angular momenta, the efficiency for electric
generation is by order of magnitude larger for the orbital one compared to the spin because of
Eq. (16). This large pumped angular momentum by electron injection, combined with spin-
orbit interaction, may account for the large spin polarization of the electrons transmitted
through chiral materials (spin selectivity)14.
Let us look into numbers. If we apply a voltage of 1V along a cylinder of lz = 1µm,
r = 100nm, eEa = 3.2× 10−23J for a = 2A˚. The angular momentum in unit of ~ per site is
Le
~N
≃ eEa
ǫF
(kFR)
2 ℓ
a
= 0.5× 104 for ℓ/a = 100 and kF ∼ a
−1 and ǫF = 1eV, while the induced
spin s is 4× 10−6 times smaller.
When the cylinder is free to rotate, the angular momentum of the electrons is distributed
to the rotation of the whole system. The rotation angular frequency in this case is Ltot =
m
Namp
Le, where mp and Na are the proton mass and atomic number. Considering the case
of C atom (Na = 12), the suppression factor is
m
Namp
= 4.5 × 10−5. If the orbital angular
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momentum estimated above is fully transferred to a mechanical rotation, it corresponds to
the angular frequency of the total system of Ωtot =
m
Namp
Ω ∼ m
Namp
eEa ℓ
~a
= 7× 108 Hz.
Our result, Eq. (15), indicates that chiral systems work as rotation sensors detected
electrically. The voltage at a steady angular frequency Ω is VE = Elz =
2~
e
lz
ℓ
Ω, which in the
above case is VE = 0.7 × 10
−13 × Ω[Hz] V. For a device of lz = 1mm, the magnitude is of
the order of 0.1µV for Ω = 1kHz and would be detectable.
As our results (Eq. (11) and Ref.13) indicates that the bulk chiral coefficient and rota-
tional viscosity have different behaviors in the clean (γστ ≫ 1) and dirty (γστ ≪ 1) limits.
Experimental control of γσ by tuning the Fermi level would be of interest.
The angular momentum generation effect suggests existene of chiral edge current. In fact,
by calculating the electric conductivity tensor, we find a chiral contribution, antisymmetric
and linear in q, σchjk = σaiǫjklql, where σa is a constant
13. This contribution represents a
chiral current circulating in the plane perpendicular to the applied field at the edge of the
system, where the ∇ × E is finite. This chiral current, argued in Ref.8, is interpreted as
another aspect of the bulk chiral angular momentum generation.
Electric generation of orbital angular momentum in chiral crystal was theoretically
pointed out in Ref.15 (called the orbital Edelstein effect). A realization in honeycomb-lattice
layers was argued. Their approach is based on a semiclassical Berry phase formula, and thus
is an equilibrium contribution. Their result of the induced magnetization was proportional
to elastic lifetime τ , which agrees with the present dynamic approach, Eq. (16). A Berry
phase interpretation to the chiral coefficient c was argued in Ref.8.
Equation (13) indicates that the rotational viscosity contributes to the diamagnetic con-
stant. In fact, using ∇×E = −B˙, we obtain standard diamagntism relation, L/V = −ηaB
when a magnetic field B is applied without E. Note that the diamagnetic effect represented
by the viscosity is only the dynamic contribution, as it was derived by evaluating L˙.
In the eletromagnetism viewpoint, the bulk chiral contribution, L˙ ∝ cE, is a cross-
correlational diagmagnetic response to the electric field. Mathematically the effect arises
from a non-commutative off-diagonal contribution in the response function13. Obviously,
inversion symmetry breaking (chiral nature) is essential; For example, c vanishes for the
case of the Rashba interaction, γk = α × k (α is the Rashba vector)
13. The existence of
spin or pseudospin (sublattice) in addition to the parity symmetry breaking is therefore
essential for the bulk chiral effect. The requirement is common to chiral and topological
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effects, suggesting close relation between the two. This point is further discussed in the
viewpoint of electromagnetic response.
The induced angular momentum L of charge leads to a magnetization, M = e
2m
L. Our
result, Eq. (16), therefore indicates that a coupling between E and B˙ is induced by a
chirality. This is consistent with a recent finding16 that electromagnetism in chiral material
contains an effective coupling proportional to the chirality order parameter, C ≡ E · (∇×
E) = −E · B˙. This is natural as the coupling E · B˙ is chiral in the sense that it breaks the
parity invariance keeping the time-reversal invariance17. In this electromagnetism viewpoint,
our chiral angular momentum effects is closely related to topological effects. In fact, the
effective Hamiltonian for the electromagnetism in topological insulators is proportional to
E ·B, resulting in a direct couplingM ∝ E18 or L ∝ E. Therefore our dynamic bulk chiral
effect is a non-equilibrium counterparts of topological effects, inducing L˙ instead of L itself.
Moreover, the dynamic chiral effect leads to a steady state with a finite angular momentum
(Eq. (16)), i.e., it has a qualitatively the same effect as the topological one. The field-induced
orbital magnetization observed in experiments is thus written as M = ctopE + cchE, where
ctop is a coefficient for the topological effect, and cch ∝ c represents the present dynamic
chiral effect. Being topological, ctop is a universal constant, while cch arising as a result of
a relaxation due to a viscosity is of the order of cch/ctop ≃ τLε, where τL and ε represent
the relaxation time for the angular momentum and typical energy scale, respectively. In the
present simple model, ε ∼ ǫF and τL ∝ τ . For weak angular momentum relaxation, the ratio
is much larger than unity, suggesting that topological contribution might be smeared out.
To conclude, we have constructed a hydrodynamic theory to describe chiral electron
systems by a straightforward calculation on a quantum field-theoretical basis. Deriving the
equation of motion for the orbital angular momentum, we discussed a bulk chiral angular
momentum generation effect when an electric field is applied. The magnitude of the orbital
angular momentum is of the orders of magnitude larger than the spin angular momentum.
The hydrodynamic equation itself applies generally for any chiral fluids if the electric field
is replaced by the corresponding driving field.
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